Radial roller bearings with flexible rings: application
to rotor dynamics and extension to multibody
simulations
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Abstract
To obtain reliable assessments of the roller bearing durability the credible values of the radial
forces are required. Most of the existing bearing models omit structural deformations of rings.
This assumption does not hold for modern jet engines, where shafts are commonly hollow and the
housing and the rings thicknesses may be of comparable magnitudes. Furthermore, if a considerable
negative internal clearance occurs at the bearing at its operating regime and the bearing rings
are said to be rigid, the computed radial contact forces may be significantly overestimated. To
account for this phenomenon, a simplified deformation pattern of a ring is considered, which
implies its discretization into finite segments subjected to a constant tensile/compressive force
and a constant bending moment. The model key relations are derived from the energy functional
that describes equilibrium of a roller located between two rings. The obtained expressions are
used to build a specific 2-nodes bearing finite element, which can be conveniently applied for rotor
dynamics problems. A numerical example is presented to demonstrate efficacy and performance of
the approach. The results are verified with 3D finite element simulations in NX Nastran package.
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1. INTRODUCTION
The problem of the internal bearing forces analysis has been
well studied in the last 50 years, since their accurate determination is an important departure point for credible subsequent durability assessment. Since a complete solution
of this problem involves various physical phenomena (i.e.,
elastic deformations, contact interactions, inertia effects, elastohydrodynamics), numerous mathematical models, which
reproduce one or another aspect of the bearing behavior, have
been developed. In the majority of the existing approaches
the bearing rings are treated as rigid. However, this assumption is not valid, for instance, for modern jet engines, whose
shafts are commonly hollow and the housing and the outer
ring thicknesses may be of comparable magnitudes. Compliance of such bearing supports should not be omitted in
simulations. Particularly, if a considerable negative internal
clearance occurs at the bearing at its operating regime, the
computed radial forces may be significantly overestimated
when structural deformations are neglected.
In general case the deformed state of the bearing rings
is difficult to determine and a spatial finite element (FE) problem with large number of degrees of freedom has to be
solved to this end. To handle it correctly, besides the accurate modeling of contact between the interacting bodies, one
needs to pay special attention to the kinematic constraints
to be enforced onto the rings. Imposition of the kinematic
boundary conditions directly to the rings surfaces commonly

turns out to be problematic. In order to circumvent this issue,
the rotor components neighbouring to the bearing are added
to the three dimensional assembly. The kinematic restraints
are easier to define in this case. Such approach is safer and
less prone to modeling errors and allows one to expect results of higher quality, but it is computationally expensive
and nearly unacceptable for rotor dynamics problems of gas
turbine engines with several bearings.
One of the first attempts to perform analysis of the bearing accounting for its structural deformations was made
by Jones and Harris [12], who incorporated the outer ring
flexibility into the model, although for a very particular case
— the support of an idler gear in a planetary transmission.
Later Filetti and Rumbarger [7], developing a general method for predicting the influence of structural support upon
bearing performance, handled the outer ring as a set of beam
elements and used 1D linear springs for the rollers in contact.
The assembly of the ring and the rollers itself had two connection nodes with the ground support. This model proved
to have good correlation with experimental data, however, a
priori knowledge about the attachment points of the outer
ring significantly limits the approach applicability. Moreover,
as with the formulation of Jones and Harris [12], in the model
of Filetti and Rumbarger [7] only one of the bearing rings is
deformable. Cheng [5] advanced this approach and added to
the finite element assembly not only the outer ring itself, but
also the neighbouring regions of the housing. Harris [10]
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has also recently studied the influence of the bearing races
compliance, although limiting the discussion to some specific
cases of external loading.
The recent model of Cavallaro et al. [4], further extended
by Leblanc et al. [13], considers deformations of both bearing
rings. Distinct from previous formulations, the problem of
determination of the rings deformations was formulated in
terms of forces. The model also considered the centrifugal
expansion of the rings, the cage rotation and the lubricant
presence. The ring out-of-roundness produced by a single
line contact load was expressed through a Fourier series
expansion and the effects of these contributions were superimposed afterwards to draw the resultant deformed shape
of the ring. The Newton–Raphson method is then used to
simultaneously solve the equilibrium and geometric equations. However, the approach provides reliable results only for
bearings with positive clearance in the operating regime.
In the present work a simplified deformation pattern
of the bearing rings is introduced to incorporate structural
flexibility. To this end a ring is discretized into finite segments subjected to a constant tensile/compressive force and
a constant bending moment. The centrifugal load acting on
the roller is also considered, while inner friction and cage
interactions are omitted. To derive the roller equilibrium
equations and the subsequent bearing resultant force vector
along with the corresponding tangent stiffness matrix, an
expression for the total energy was constructed for each roller separately, and then this functional was minimized. In
addition to the radial deflections of the rings, the formulation
also permits their misalignments. Applicability of the approach to bearings operating under different conditions (with
positive or negative clearance) is discussed and an alternative,
simplified structural FE model is proposed for verification.
The formulation efficacy is demonstrated in numerical tests.

2. RADIAL BEARING MODEL
2.1 Bearing equilibrium
Consider a bearing as an element with two nodes A and B
attached to centers of the inner and outer rings, respectively,
see Figure 1. We introduce a cartesian system x, y, z, whose
origin coincides with node A. Its unitary vectors are ex 0 , ey 0 ,
ez 0 . Both nodes can move under applied load, however, it
is possible to recompute the global deflections into relative
values keeping one of the rings fixed. In the present case the
inner one is chosen the reference. The relative spatial position
of the outer ring is then described by small displacements
u x , uy and rotation angles γx , γy , gathered in the vector

yrel = u x

0

uy

γx

γy

0

T

,

(1)

which is related to the externally applied force vector

F = Fx

Fy

0

Mx
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0

T

.

(2)

The proposed model is incapable to carry axial load, thus the
deflection uz is not taken into account. Axial rotation γz is
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Figure 1. Bearing coordinate system and permitted nodal
displacements and rotations.
also absent due to bearing mechanics. The corresponding
force vector components are nullified.
Let us introduce a local coordinate system r, n, z for the
j-th roller, such that axis r is aligned in the radial direction,
axis z is inherited from the bearing node A and axis n = r × z.
In this coordinate system, displacements vector (1) is written
as

T
ylocal j = ur γn = S j yr el,
(3)
where the rotation matrix

cos ψ sin ψ 0
Sj =
0
0
0

0
− sin ψ

0
cos ψ

0
0



(4)

was introduced. For statics analysis the position of the j-th
2π
roller is constant and defined as ψ = jθ with θ =
, where
N
N is the number of rollers. In transient dynamics problems
angle ψ varies according to the rotation phase of the outer
ring relatively to the inner one, thus an arbitrary roller may
periodically enter and leave the contact zone.
The outer ring cross-section at a particular rolling element j is loaded by the force vector

T
Plocal j = Pr Mn
(5)
and the bearing equilibrium can thus be written as
F+

N
Õ

STj Plocal j = 0.

(6)

j =1

The constructed set of equations is nonlinear and the iterative Newton–Raphson scheme is invoked to determine the
unknown vector yr el for a given force vector F:
N
Õ
j =1

STj Klocal j S j ∆yr el = F +

N
Õ

STj Plocal j ,

(7)

j =1

where the local roller stiffness matrix Klocal was introduced.
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Equilibrium equation (6) does not pose any limitations
on the nature of external forces. Similarly, vector Plocal j
represents the resultant force and moment acting on the outer
ring at the location of the j-th roller and is independent from
the effects taken into account at the rolling element level.
The model describing the interaction of the roller and the
rings can be specifically altered by the researcher to meet
one’s needs. The rolling element may have different number
of local degrees of freedom, include or neglect inertia and
gyroscopic effects, consider Hertzian or non-Hertzian contact
formulations, etc.

2.2 Deformation pattern of a bearing ring
For simplicity, let us describe the deformed state of the bearing inner ring; analogous considerations hold for the outer
one as well. A ring can be treated as an initially curved rod
under a set of radial forces, see Figure 2a. In the general
case, the applied set of forces is not self-equilibrated, thus to
perform static analysis some external kinematic constraints
have to be imposed. Since their a priori definition is hardly
possible, an approximate shape for the deformed ring will be
assumed herein.
A classical strength of materials solution states that in
a circular rod subjected to K equally distributed identical
radial forces the contribution of the bending strains will
vanish in comparison to the tensile ones as K grows [3]. In
most bearings, especially used in aviation jet industry, the
distribution of radial forces varies relatively smoothly and to
a certain degree of accuracy the ring can be treated as a set
of segments of finite length, each of which is subjected to a
constant compressive load N and a bending moment M. The
error introduced by this simplification is particularly low for
bearings with negative internal clearance in the operating
regime. The assumption is similar to replacing the general
deformation scheme of the bearing semicircle depicted in
Figure 2c with a pattern that does not reproduce deflections
at points C and D, which are negligible in comparison to the
vertical displacement at point G.
Consider a circular rod with the centerline radius Rm , the
cross section area A and the area moment of inertia I. Being
subjected to radial external load Qr its segment of length
l = θRm , shown in Figure 2b, exhibits radial deflection w
and the corresponding axil strain can be computed as
ε=

θ(Rm − w) − θRm
∆l
w
=
=−
.
l
θRm
Rm

(8)

Recalling the Hook’s law for one dimensional case, i.e., σ =
εE, the potential energy of this tensile deformation renders:
T=

∫
V

∫ θR 1
1 2
w2
1
w2
Eε dV = 0 m E A 2 A ds = E Aθ
. (9)
2
2
2
Rm
Rm

Besides tension phenomenon, radial deflection w alters the
segment curvature radius that engenders pure bending stress
state. The corresponding deformation energy is [3]
B=

∫

θ Rm
0

M2
1
w2
ds = E Iθ
,
2E I
2
Rm (Rm − w)2

(10)
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Figure 2. Radial deformations of the bearing inner ring.
where the following well-known relation between the bending moment and the change of the curvature radius was
applied:
1
1
M
−
=
.
Rm − w Rm
EI

(11)

Comparing expressions (9) and (10) we may observe that, indeed, B << T. This fact correlates with the initial hypothesis
of the prevalence of tensile strains over bending ones.

2.3 Roller equilibrium
To obtain the roller force vector Plocal and the tangent stiffness matrix Klocal let us describe the roller equilibrium for
a given vector ylocal . Equilibrium of a roller in contact is
determined by the following parameters:
•
•
•
•

vr - roller radial displacement,
ϕ - roller rotation about the local tangent axis n,
wi - radial deflection of the inner ring central line,
we - radial deflection of the outer ring central line,

which are gathered in the roller state vector

T
yr oll = vr ϕ wi we .

(12)

The roller axial displacement is restrained. Such a simplification is acceptable for small misalignment angles. Moreover,
this axial degree of freedom is normally physically inadmissable due to presence of the cage. The roller degree of freedom
ϕ and the corresponding outer ring rotation angles γx and
γy can be removed from the model if it is not necessary to
capture the effect of misalignment.
The main bearing parameters required for definition of
its geometry are summarized in Figure 3a. Figure 3b displays
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Figure 3. Initial and deformed configurations of the bearing roller and rings.
the deformed configuration of the bearing in the roller cross
section. The roller contact compressions between inner and
outer rings at its central section are
g
g
δi = − − vr − wi and δe = − − ur + vr − we, (13)
4
4
where g is the actual diametral clearance. When dealing
with slender bearing supports, one should not use the initial
diametral clearance in (13). Mounting effects, differences in
the operating temperatures of the rings and their centrifugal
expansion can significantly affect value of g. These contributions can be easily accounted for, as done, for instance, by
Aramaki et al. [2] for centrifugal expansion of the rings, but
are beyond the scope of the present paper.
A roller may have a non-cylindrical profile. In this case
its geometry is reproduced approximately by means of the
slicing technique [6]. The roller profile is discretized into
a finite number of so-called cylindrical slices as shown in
Figure 3a. For the k-th slice one should define its radius bk ,
width hk and distance sk between its center and the roller
central section. For each k-th slice Hertzian linear contact
is implied, the distributed line load per unit length is then
evaluated as [1]
n
qak = Ca δak
,

(14)

where index a = {e, i} stands for either outer or inner ring,
respectively. If the k-th slice is in contact, δak > 0, otherwise
qak = 0. The contact compressions at the k-th slice are
computed from δa and ϕ:
δik = δi − Rb + bk − ϕsk ,

(15a)

δek = δe − Rb + bk + (ϕ − γn )sk .

(15b)

The contact stiffness coefficient Ca depends on the material
properties. If the same material with elasticity modulus E
and Poisson ratio µ is used for manufacturing both rollers
and rings, then the following relation holds [1]:
πE L
Ca =
,
2
(1 − µ ) (7.358L)n

(16)

where for linear contact the exponent number n = 10
9 . Provided the misalignment angle γn is restrained, the proposed
formulation can be directly applied for radial ball bearings
analysis. One simply needs to modify contact relation (14),
i.e. alter the contact coefficients Ca and the exponent number
n (for ball bearings n = 32 ), also disretization into slices is no
longer required.
Recalling (14), we may write the energy of the contact
pair roller–ring as follows:
K
1 Õ
n+1
Ca δak
hk .
n + 1 k =1

Ua =

(17)

The roller is also subjected to the centrifugal inertia force,
which is related with the kinetic energy as
2
1
mωc2 Rp + vr ,
(18)
2
where m is the roller mass and ωc is its rotation speed about
the bearing axis. Referring to (9) and (10), we formulate the
total energy functional of a roller clamped between the two
rings:
V=

Π = Ue + Te + Be + Ui + Ti + Bi − V .

(19)

Minimization of (19) delivers the roller equilibrium position
and determines the unknown vector yr oll . Components of
the roller force vector are computed as the first order derivatives of the functional with respect to the components of
yr oll , i.e.,
Pr oll
having

Qi − Q e + Fc 


 Mi − Me 
∂Π

=−
= 

∂yr oll
 Q e − Ne 
 Qi − Ni 



Qa =

K
Õ
k =1

n
Ca δak
hk ,

(20)

(21a)
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Ma =

K
Õ

n
Ca δak
hk sk ,

(21b)

k =1

E Aa θwa
E Ia θwa
+
,
Ram
(Ram ± wa )3

Fc = mωc2 Rp + vr ,

Na =

(21c)
(21d)

In (21c) “+” is used in case of the outer ring geometry (a = e)
and “−” stands for the inner one (a = i). The ring geometric
parameters Aa , Ia and Ram can be easily obtained from Figure
3a. Similarly to (20), we may find analytical expressions for
∂Pr oll
the components of the tangent matrix Kroll = −
,
∂yr oll
however, these are omitted here due to lack of space.
The roller quasi-static equilibrium condition is written as

2.4 Extension to large displacements and rotations
The obtained expressions hold for the situation when the
inner ring is fixed and the outer exhibits small displacements
and rotations. Consider now nodes A and B of the bearing are
allowed to have arbitrarily large deflections u and rotations
θ — the latter is the Euler vector [9]. The element state is
then described by means of vector
u A 
 
θ 
y =  A  .
u B 
θB 
 
The Euler vector is related to the rotation tensor
Q = I + h1 (θ) Θ + h2 (θ) Θ2,

Proll = o.

(22)

The system of nonlinear equations (22) can be resolved by
means of the Newton–Raphson method. The equilibrium
position of each roller is determined independently from
the others, thus the iterative procedure is applied only to a
small system of 4 equations with 4 unknowns. This positively
influences performance and stability of the entire algorithm.
Once the roller equilibrium position is governed, the desirable stiffness matrix Kroll appearing in (7) can be obtained.
To this end, at first, we vary the energy functional (19) not
only over the components of vector yroll , but also over the
components of vector ylocal . This results in appearance of
the following extended force vector and stiffness matrix:
 ∂Π 






P
P f ull = −  ∂yroll  = roll ,
Pext
 ∂Π 


∂y
 local 
 ∂Proll ∂Proll 






K
Krr
K f ull = −  ∂yroll ∂ylocal  = roll
.
KTrr Kext
 ∂Pext ∂Pext 


 ∂yroll ∂ylocal 

Plocal = Pext −

−1
Klocal = Kext − KTrr Kroll
Krr .

(28)

where I — identity tensor, Θ = skew (θ) — skew-symmetric
tensor of vector θ and scalar θ = kθ k. Functions

2
sin θ
1 sin θ/2
h1 (θ) =
and h2 (θ) =
(29)
θ
2
θ/2
were also introduced in (28). Therefore, θ = axial (Θ) is the
axial vector of tensor Θ.
The relative displacement of the outer ring in the coordinate system attached to node A can be evaluated as

T
ξ = u x uy uz = QTAuB A = QTA (uB − u A) , (30)
whose variation after some vectorial math renders


δξ = δ QTAuB A = XΓTAδθ A + QTAδuB − QTAδu A, (31)
where X = skew (ξ) and the well-known tangent tensor [9]

(23)

Γ = I + h2 (θ)Θ + h3 (θ)Θ2

(32)

1 − h1 (θ)
θ2

(33)

with
(24)

Notation in (24) reflects symmetry of the resultant matrix
(this fact is easy to verify) that directly follows from existence
of the functional. Submatrices from (24) are omitted herein
due to cumbersomeness but can be analytically derived. Since
the bearing element does not have any external degrees of
freedom directly related to the rollers, we perform static
condensation procedure, taking the components of vector
ylocal as master degrees of freedom:
−1
KTrr Kroll
Proll =−

(27)

 
∂Π
Q
= e , (25)
Me
∂ylocal
(26)

When simplifying (25), we also imply that at the roller equilibrium position identity (22) is fulfilled.

h3 (θ) =

appears. Operator Γ is typical for description of rotations
with the Euler vector. When deriving the first term of (31)
we used the following expression [11], valid for any constant
vector t:
δQT t = −QT skew (Γδθ) t = QT (t × (Γδθ))


= QT t × QT Γδθ = T0ΓT δθ,

(34)

where t0 = QT t and T0 = skew (t0). The useful equivalence [9]
QT Γ = ΓT

(35)

was also applied. Similarly to (30), the relative rotation of
the inner ring in the coordinate system attached to node A
can be determined as

T
γ = γx γy γz = QTA (ez A × ezB ) ,
(36)
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Figure 4. The rolling element and the neighbouring beams
elements of the two rings
where unitary axial vectors of each bearing node at the deformed configuration are given by
and ezB = QB ez 0 .

ez A = Q A ez 0

(37)

Variation of (36) can be obtained with the aid of (34) as
δγ = GΓTAδθ A + QTAEzB Ez AΓ Aδθ A
− QTAEz AEzB ΓB δθ B

(38)

with G = skew (γ), Ez A = skew (ez A) and EzB = skew (ezB ).
Recalling definitions (30) and (36) we can now rewrite (1) as
 
ξ
yrel =
,
(39)
γ
whose variation after substitution of (31) and (38) can be
formulated in a closed matrix form
δyrel = Hδy,

(40)

where the following operator was defined:
 T

−Q A
O
QTA
XΓTA
H=
. (41)
O GΓTA + QTAEzB Ez AΓ A O −QTAEz AEzB ΓB
Matrix H, by definition, allows the developed approach to be
used in multibody dynamics. When the bearing experiences
large motions, operator (41) should be applied to the force
vector and the stiffness matrix of the element:
Pt ang = HT

N
Õ

Kt ang = HT

N
Õ

wi = uG · er 0

and

we = u H · er 0,

(43)

The roller radial position vr is the internal degree of freedom
and the inner iterative procedure is required to determine
it for given we and wi . The contact compressions still can
be evaluated with the aid of (13), but one should set ur = 0.
The local force vector of such element is written as


−Qi
P=
,
(44)
Qe
whose components are computed by (21a).
The external load is distributed along the bottom part
of the inner ring. To remove the rigid body motion of the
structure, small stiffness coefficients Kxx and Kyy , which
are several orders of magnitude lower than the bending and
tensile stiffnesses of the rings, are added at each node of the
outer ring.
The resultant model is more sophisticated than the one,
presented previously, but should provide better results for
bearings operating with positive clearances.

3. NUMERICAL EXAMPLE
3.1 Static analysis and comparison with FEM

STj Plocal j ,

j =1

practically any computational overhead, it may provide poorer
results for load cases, when a bearing operates with large
positive clearance and the distribution of radial forces is not
smooth. To provide better assessment of rings deformations
for such cases, a lightweight FE model was built in Dynamics
R4 software [14]. For simplicity, we prohibit misalignment,
but it can be easily added adopting kinematics, described
in Section 2.2. The use of such FE assembly in multibody
dynamics is less straightforward, but still possible.
We discretize the rings with geometrically nonlinear
beam elements. At the location of the j-th roller a specially developed 2-nodes finite element is placed. Basically, the
element uses the same potential (19) to describe the behaviour of the roller, though the radial deflections of the rings
central lines are the external degrees of freedom (not the
internal any longer) and related to the spatial displacements
of nodes G and H as follows:

(42)
STj Klocal j S j H.

j =1

The presented multibody dynamics extension possess
some innate limitations. Thus, among the inertia loads, arising in the bearing, only the centrifugal force acting onto the
roller as a resultant of its relative rotation about the shaft
axis is considered. Coriolis loads and other possible inertia
effects are presently omitted.

2.5 Generalized structural FE model with Dynamics R4
Though the simplified deformation pattern, proposed in Section
2.2, allows to incorporate bearing rings flexibility without

Consider the radial bearing with 24 cylindrical rollers with
dimensions Rp = 75 mm, Rb = 6.5 mm, L = 16 mm, Rs =
54 mm, Rh = 97 mm, b = 30 mm. Radial load Fx = 5000 N
is applied to the inner ring, which rotates at a speed ωrel =
12000 rpm. Material elasticity modulus E = 2 · 1011 MPa,
Poisson ratio µ = 0.3 and density ρ = 7850 kg/m3 .
At first we analyze the bearing with negative clearance
g = −40 µm1 . If the bearing rings are treated as rigid, the
obtained values of contact radial forces turn out to be 2.5
higher than for the case when structural deformations are
permitted, as exposed in Figure 5a (only the inner ring forces Qi are given to keep the figure readable). In the case of
1 To guarantee optimum bearing life, its internal clearance should remain
as low as possible or slightly negative at the operating regime. Due to design
errors this requirement may be violated that seriously compromises bearing
durability.
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Radial roller bearings with flexible rings: application to rotor dynamics and extension to multibody simulations — 7/9

3 000

600

2 000

400

1 000

200

0

0
1

3

6

9

12

15

18

21

24

3

6

9

12

15

18

21

24

roller number

roller number

(b) positive clearance g = 10 µm.

(a) negative clearance g = −40 µm.

64 000
Qi
2 000
0000
Qi
Qi

1

— proposed model / flexible rings
— NX Nastran / flexible rings
10 20
— structural model (Dynamics R4) / flexible rings

Qi — proposed model / rigid rings
Qi — NX Nastran / rigid rings
Qi — Cavallaro model / flexible rings
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Figure 6. Model of the bearing with deformable rings in NX Nastran.
positive clearance g = 10 µm (see Figure 5b) the influence
of rings flexibility on the forces distribution is less crucial,
but still apparent. The results obtained by the structural FE
model, described in Section 2.5, are also shown in Figure
5 as a reference. For g = 10 µm we additionally verified
the plots using formulation of Cavallaro et al. [4], which is
applicable for bearings with positive clearances. According
to these reference curves, the proposed approach based on
the considered simplified deformation pattern, though still
captures the radial forces reduction, performs worse if the
bearing operates with positive clearance (as anticipated in
Section 2.5). However, in reality the shaft and the housing
are not just hollow cylinders and normally reinforced with
some adjacent elements, whose contribution to the resultant
stiffness can be hardly estimated analytically. With this additional stiffening it is apparent that the reduction of the radial
forces acting on the rolling elements will not be as significant
as forecasted by the structural or the Cavallaro model. From
this point of view, the results obtained using the simplified
deformation pattern hypothesis can be treated as a relatively
good first order approximation, particularly useful for design
computations. Obviously, it should be further verified by
alternative, more accurate, approaches. Parallel use of the

both numerical models, presented in Section 2, leads to a
very efficient computational strategy.
The distribution of the radial forces obtained for g =
−40 µm was also verified by FEM analysis performed with
NX Nastran2 . To this end a 3D model from Figure 6 was
used. Surface traction qx (ϕ) = q0 b cos ϕ was distributed
along the lower part of the inner ring raceway such, that
∫ π
Fx = −2π q0 b cos ϕ dϕ. Kinematic boundary conditions of
2
the outer ring are difficult to determine, so the latter is attached from both ends to long thin cylinders with length 235
mm. The opposite sides of cylinders are clamped. In order to
vanish the cylinders contribution to rigidity of the assembly,
their elasticity modulus is set E 0 = 0, 01E. The FEM model
of the bearing with rigid rings is a lot simpler. In this case
we fix the external surface of the outer ring and apply load
Fx pointwisely at the inner ring central node, which is connected to the inner raceway surface with rigid elements. For
each roller we also set uz = 0 at its gravity center to prevent
axial displacements.
2 FEM model of the bearing with positive clearance (for both flexible and
rigid rings cases) was not built in NX Nastran within the present work due
to its substantive complexity. Discussion of various aspects of such finite
element problem itself can become a topic of a separate article.
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3.2 Multibody dynamics simulation
To demonstrate the applicability of the proposed approach
for multibody dynamics problems, the model from Figure
7a was analyzed. This assembly was designed in one of our
research projects during the development of a 3D model of a
planetary gearbox. The inner and outer rings of the bearing,
whose parameters are given in Section 3.1, are located at
nodes A and B, respectively. The outer ring is connected
to the basement C via the spatial rigid link element [9] of
length l = 1 m. This FE uses Lagrange multipliers to wrap
the constraints

ωC

l

x
mB

B

(a) Problem statement.
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time, s
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(b) Evolution of the rotation speeds ωC and ω A.

into the functional
Φ = λu · uBC + λ θ · θ BC ,

A
ωA

el0

C

2600
(46)

whose minimization, similarly to (23) and (24), leads to the
corresponding force vector and tangent matrix. Physically,
the unknowns λu and λ θ are nothing but the reaction forces
and moments transmitted through the connecting rod.
All degrees of freedom of node C, except the axial rotation
urz , are prohibited. The pointwise mass with mB = 2 kg is
located at node A. The basement node C rotates at an axial
speed ωC = 50 rds ≈ 477 rpm. This value is specially chosen
to provide the resultant centrifugal load, acting on the mass
at node A, identical to the value of the statically applied
2
radial force from the first test, i.e., F = mB lωC
= 5000 N.
Independent rotation is also defined at node A. Its value
ω A = 12000 + ωC = 12477 rpm is adjusted such that the
relative rotation speed of the inner ring would coincide with
ωrel , used in the aforementioned statics test. The internal
negative clearance g = −40 µm is again introduced in the
bearing and the rings structural deformations are permitted.
Both rotations ω A and ωC are not applied instantly, but were
set linearly increasing as shown in Figure 7b. To advance
the solution the implicit Newmark integration scheme [8] is
invoked.
Under these circumstances the radial forces arising in
the bearing are expected to agree with the ones obtained
previously in the quasi-static test. Evolution of the radial
forces acting on an arbitrary roller is plotted in Figure 7c.
Indeed, the graph for Qi perfectly correlates with the previously obtained curves: the peaks of the graph coincide with
maximum and minimum values of the force distributions
from Figure 5a.

3.3 Bearing misalignment
To assess the model performance in the case of misalignment,
the bearing from Section 3.1 with negative clearance is loaded
additionally with constant moment My = 13.7 Nm. The
roller was discretized with 10 identical slices, the same mesh
density along the roller length was used in NX Nastran to
build contact regions with the underlying solid elements. The
applied moment does not change the distribution of the radial
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(c) Evolution of the radial forces acting on an arbitrary roller.

Figure 7. Transient analysis of the bearing with flexible
rings and negative clearance g = −40 µm rotating about the
fixed basement.
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Figure 8. Distribution of contact forces along the bearing
roller in the case of misalignment, g = −40 µm.

Radial roller bearings with flexible rings: application to rotor dynamics and extension to multibody simulations — 9/9

forces in the bearings (as expected), but rather influences the
distribution of the contact pressure along the roller. Such
behaviour was also confirmed by the FEM model, where a
pair of forces with kFz k = 100 N was applied at points R1
and R2 , as shown in Figure 6, to reproduce the moment load.
Figure 8 depicts distribution of the contact pressure along
the most loaded roller number 13. The results are in good
agreement with NX Nastran. Note the drop in the loads at
the ends of the rollers in the 3D FEM simulation: this does
not occur in our model as the Hertz line solution has been
applied to each slice, distinctly from NX Nastran numerical
technique, which solves the non-Hertzian contact problem
for finite-length bodies instead. Despite of this the resultant
contact forces for both solutions are very close, see Figure 5a.
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4. CONCLUSION
A model of the radial roller bearing that accounts for structural deformations of its rings was presented. Numerical
experiments showed that their contribution is particularly
important for those situations when a negative clearance appears at the operating mode, while for regimes with positive
clearance this behaviour can be neglected unless the applied
loads are extreme (e.g., blade loss situation [15]). The equilibrium position of each rolling element is determined with a
set of 4 variables: a radial displacement and an in-plane rotation of the roller and radial deflections of the raceways of each
of the two rings. Roller inertia properties are also considered.
The model can be implemented in a 2-nodes finite element
with 12 degrees of freedom and then integrated practically
into any FEM code as it was done for Dynamics R4.
Relative simplicity, high performance and robustness are
the most apparent advantages features of the proposed formulation. The internal iterative process that determines the
roller equilibrium is computationally efficient due to rolling
elements uncoupling and normally converges in 3–4 iterations.
The model currently prohibits axial load to be applied.
Addition of flanges and friction into the roller equilibrium
along with introduction of axial degree of freedom for the
rolling element could alleviate this issue. It is also necessary
to capture more complex deformation patterns of rings, especially for configurations when the bending factor becomes
essential relatively to the tensile strains. In this case determination of equilibrium for each rolling element can no longer
be made independently and the bearing should be handled
as a complete assembly of the two rings and the rollers with
all internal degrees of freedom influencing each other. A
concept of such a model is also proposed in the paper and
its further development is in the scope of the authors’ future
work.
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